This paper is a direct sequel to Bers' paper [5] on Eichler integrals with singularities.
In addition to the author's papers on eohomology of Kleinian groups [14] , [15] , [16] , [17] , the reader is referred to the work of Ahlfors [1] , [2] , Bers [4] , [5] , and Lehner [20] .
The more special Fuehsian ease has been treated by Eichler [8] , Gunning [10] , [11] , Bers [3] , Husseini and Knopp [12] , Knopp [13] , and Lehner [18] , [19] . 
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We obtain this way the F-module C~(A), and the submodule At(A) of'CF(A)=C~o(s consisting of holomorphic functions on A.
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We fix once and for all an integer q ~>2. For us, the most important F-module is H2q_2, the F-module of polynomials of degree ~<2q-2, viewed as a submodule of AI_q(A).
We denote the nth cohomology group of F with coefficients in a F-module ~ by H~(F, ~). See [22, p. 115] for definitions.
A cohomology class p EHI(F, II2q_~) is called A-parabolic if for every (cyclic) parabolic subgroup F 0 of F that corresponds to a puncture on A/F (see, for example, [16] for details), we have p lro = o. ( 
1.1)
The subspace of A-parabolic cohomology classes is denoted by PHi(F, II~q_2). If (1.1) holds for every cyclic parabolic subgroup of F, then we say p is (strongly) parabolic. We denote this space by PHi(F, II2q_~).
From the general theory of cohomology of groups we need two facts. First, H~ p)=~(F)={pe~); py =3o all yeF}. where 6 is the familiar connecting morphism.
will be written as Ar(A,F). Similarly, C~.~(A)(F)=C~.s(A, F).) (Note that Ar(A)(F)
For the convenience of the reader, we recall the definition of the first cohomology group. The group H~(F, ~) is the group of crossed homomorphisms (mappings Z: F-->~ such that Z7 or~ =ZT, Y2+Z~,, for all yl, y2eF, where Z~ is the value of the mapping Z at y E F) factored by the group of principal homomorphisms (mappings of the above type with ZT=P~-P for some pE~, all yEF).
Automorphic forms, generalized Beltrami coefficients, and potentials
Let A be a F-invariant union of components of the region of discontinuity ~2 of a If ~ is integrable and ~v is bounded, then we define the Petersson scalar product by
It is well known (the proofs are outlined in [17] ) that the Petersson scalar product establishes an anti-linear topological isomorphism between Bq(A, F) and the dual space of Aq(A, F).
We describe next what it means for a q-form to be meromorphic or holomorphic at a cusp. Let ~ be a meromorphie q-form on A. Let ~EA, the limit set of 1 ~, be a cusp. We say 9 is meromorphic at ~ if its projection to A/F can be extended to be meromorphic at the puncture determined by ~. Choose a M6bius transformation A taking oo into ~ and Vo={zEC; 0<Rez<l, Imz>c} onto a cusped region belonging to ~. Then * ~p=Aqq~ is a meromorphic q-form for A-loFoA (defined on A-I(A)). We say ~0 is holomorphic at ~ if lim~p(z) =e (ze Vc) (2.5) z---)oo exists (and is finite). This definition does not depend on the choice of the MSbius transformation A. We say that ~ satisfies the cusp condition at ~, if ~ defined by (2.5) is zero.
In this case we also have that
Every bounded form satisfies the cusp condition. So does an integrable form provided it has only finitely many poles in the corresponding eusped region.
We shall also have to study bounded measurable q-forms; that is, measurable functions on A that satisfy (2.1) and (2.3). The Banaeh space (of equivalence classes) of bounded measurable q-forms will be denoted by L(q~C)(A, P where, as usual, (-)* denotes the dual space of (-).
Cohomology with holomorphic and smooth coefficients
Throughout this section A represents a P-invariant open subset of the region of discontinuity of a (non-elementary) Kleinian group P. Outline of proof. We first assume that W is a relatively compact subset of a Riemann surface X of finite type, and that X-CI W (C1 W = closure of W) has non-empty interior.
Furthermore, we assume that/~ is defined in a neighborhood of Cl W. It involves no loss of generality to assume that X has the unit disc A as its universal covering space, since this can always be achieved by puncturing X at three (or more) points that are not in C1 W. By multiplying # by a power of a nowhere vanishing holomorphic abelian differential on C1 W, we may assume n = -1.
Consider the space of integrable holomorphic quadratic differentials on X. This is a finite dimensional space that may be identified with Ap(A , F), where F is the covering group of X. Let z: A-+X be the corresponding covering map and let A0=Tr-l(W). The
that is also be denoted by/~. We extend/~ to A as a bounded density (generalized Beltrami coefficient for q =2) and require that (q,~Pfi)=0, all qEAp(A,F ).
We now choose 3 distinct fixed points of hyperbolic elements of F and let F be a potential IRVCIN KRA for # that vanishes at these points. Then @F =/~, and F induces the zero H~-cocycle; that is ~*IF=F, all yEF. Thus the projection of F to W is the required v.
To solve the general case, it is convenient to assume that n =0. (The existence of a nowhere vanishing holomorphie abelian differential on W is a consequence of the generalized Weierstrass theorem (see, Florack [9] or Royden [23] ).) Using the solution on compact regions, a normal exhaustion of W, and the first approximation theorem of Behnke-Stein [7] (see also Behnke-Sommer [6] ), standard arguments complete the proof of the Lemma.
We now exhibit a useful exact sequence of F-modules:
Exactness is a consequence of the previous lemma. The corresponding long exact that @/=# near each elliptic fixed point in A (see [15] ). Let/~1 =/~ -@/, and/~1 its projection to A/F. Note that ~1 vanishes near the ramified points on A/F. Choose ~1 such that @~1 =/~1. Then ~x is holomorphic near the ramified points. To insure that the lift ~1 of ~1 to i will be holomorphic at the elliptic fixed points, we have to subtract from ~1 a holomorphic n-differential ~ so that v 1-~ vanishes of sufficiently high order at the ramified points. We
Remark. Let 
Eiehler integrals with singularities
In this section we outline the results of Bers' paper [5] . Our definitions differ slightly from Bets'. Henceforth, all spaces of Eichler integrals will be taken modulo II2q_ 2.
5Tote that Proposition 3.2 states that the period map is surjective when A/F has no compact components (even when we require all Eichler integrals to be holomorphic on A).
If E is an Eichler integral, then ~q-XE is a q-form on A' (~ =~/~z). We shall say that E is meromorphic, holomorphic, or satisfies the cusp condition at a cusp if ~2q-*E is meromorphic, holomorphic, or satisfies the cusp condition respectively. The space of Eichler integrals on A that are meromorphic (or holomorphic) on A and its cusps is denoted by
An Eichler integral E is said to be A-parabolic ( then we call ~ a complete system of principal parts for E. The above proposition is the main result of [5] .
Divisors on A/r
Let F be a Kleinian group and A an invariant union of components of the region of discontinuity of F. We assume throughout this section that A/F is of finite type. We denote It is easy to check (see [1] ) that 
Structure of Hi(r, H2q-2)
In this section we derive some of the consequences of Proposition 4.1. We assume throughout that F is a Kleinian group with region of discontinuity ~, and that A is an invariant union of components of ~ such that /k/F is of finite type. In particular, we can choose constants bj, j = 1 ..... k, such that k 11= ~ bjE* on Aq(0).
1=1
Let 742 be the finite system of principal parts of E2 =~=lbjEj, and 74= ~41-~42. Thelinear functional associated to ~ is zero on Aq(O). Thus there exists a meromorphie (1-q)-form ~a such that ~ is a complete system of principal parts for ~3. In particular, ~4=
~1-~2-~a is a holomorphie Eichlcr integral, and pd (~2 +~4)=pd (~i-~3)=pd (~1). 
The above is (essentially) the Main Theorem of [16] .
The next corollary is a sort of Riemann-Roch Theorem for Eichler integrals. 
COROLLARY 3. The /ollowing is a commutative diagram with exact rows /or every divisor d <~0:
O--> Al_q(d) i> pEl_q(d) pd pH~(P, II2q_2) * --> (Aq( -d) )* --> 0 O-~ A1_q(d) i pd , > El-q(d)- ~ HI(F, [I2q-2) > (AQ( -d))* --> 0
Holomorphic Eichler integrals
Let A be an invariant component of a finitely generated Kleinian group 1 ~. In this section we obtain lower bounds for dim phol ~A F) and dim PE[~189 F).
Recall arises from a fixed point of an elliptic element in F; that is, the punctures on A' are precisely the points in A-A'. We obtain this way K ~< k loops. We choose K as low as possible. Let us assume that we have chosen in this manner the loops Up ..... U* that cover the loops u~ ~, ..., u~. In this way every element in zl(A) may be represented by a loop of the form (7.2). However, the product extends from 1 to K. We have observed that C is homotopic to a curve of the type (7.2). Thus
Thus in (7.3) we need consider only curves C= U4, some i. Note that if 
JU~
Thus we have shown that (7.4) implies (7.5); and, hence, a necessary and sufficient condition for 2' to be well defined is (7.4) . Recalling the equivalence of (7.3) and (7.3)', we see that (7.4) imposes (2q-1)K conditions on the elements of Bq(A, F). We have verified the first inequality of the theorem. The second is a direct consequence of the first and the Ricmann-Roch theorem.
Generalizations
Let P be a Kleinian group and q > 2 an integer or half-integer. Let z be a character on P (that is, a homomorphism of P into the multiplicative group of complex numbers of modulus one). We may define an action of P on II=q_ 2 by (p~)(z) =p(yz)y'(z)l-qz(y), zEC, pEII2q_2, yEF.
(8.1)
If q is a half-integer (and not an integer), we must, of course, assume that it is possible to select branches of {(y,)t; yEF} such that for all Yl and y2EF and all zE(~, we have (rio y2)'(z)~ = r;(y2 z)~(z)~. (8.2) We obtain in this manner a cohomology group that may be denoted by Hi(P, II2q_=, Z)"
The preceeding development generalizes to this setting. There are, of course, some obvious changes. The orders of zeros of automorphie forms at elliptic fixed points depend on the character Z" So does the concept of parabolicity of cohomology classes.
If Z(~) :~ 1 for every y E P that generates a parabolic subgroup of P that corresponds to a puncture on A/F, then (2) Describe the character group of a Kleinian group.
PH~(F,
II2q_2
